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Abstract
A general equation, describing the lowest order corrections coming
from quantum gravitational effects to the spectrum of cosmological
scalar fluctuations is obtained. These corrections are explicitly esti-
mated for the case of a de Sitter evolution.
1 Introduction
The effects of quantum gravity are supposed to be very small since they
are suppressed by the huge value of the Planck mass. They can become
essential in the presence of a strong gravitational field or in the very early
universe undergoing an inflationary expansion (see e.g. [1]). In this letter we
would like to study the possible influence of quantum gravitational effects on
the spectrum of cosmological fluctuations produced during inflation. Such
fluctuations are imprinted in the cosmic microwave background radiation
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which is one of the main sources of information on the very early universe
(see e.g. [2]).
The Born-Oppenheimer (BO) approach [3] has been extensively applied
to composite systems such as molecules, which involve two mass, or time,
scales. Such an approach has also been suggested for the matter-gravity
quantum system where one expects matter to follow semiclassical gravity
adiabatically (in the quantum mechanical sense) [4, 5, 6]. The plausibility
of such an approach relies on the fact that the mass scale of gravity is the
Planck mass which is much greater than that of normal matter.
The above is also related to the semiclassical emergence of time in the
matter-gravity quantum system, indeed this has been studied in a mini-
superspace model during inflation [4]. Conditions were found for the usual
time evolution of quantum matter (Schwinger-Tomonaga or Schrödinger) to
emerge, essentially these are that non-adiabatic transitions (fluctuations) be
negligible or that the universe be sufficiently far from the Planck scale.
The scope of this note is to illustrate quantitatively the possible effects of
the non adiabatic transitions on the power spectrum associated with cosmo-
logical fluctuations. These should not be confused with loop effects obtained
by considering self interactions due to the potential of a matter scalar field
or higher order (beyond the second) perturbations of the metric and matter
field. Let us begin with the following reduced action:
S =
∫
dη
{
−MP
2
2
a′2 +
a2
2
[
φ′20 − V (φ0)a2
]
+
∑
i=1,2
∞∑
k 6=0
[
v′i,k(η)
2 +
(
−k2 + z
′′
z
)
vi,k(η)
2
]
 (1)
where MP is the Planck mass and we consider a homogeneous metric ds
2 =
a(η)2 (−dη2 + δijdxidxj). This action has been obtained from the usual Ein-
stein action with a minimally coupled scalar field φ(~x, η) and a potential
V (φ). The Einstein action is evaluated for a general metric, including the
scalar metric perturbations and in the uniform curvature gauge. The scalar
field is expanded as φ(~x, η) = φ0(η) + δφ(~x, η) and terms up to the sec-
ond order in the perturbations are kept in the total action [7]. The first
order contributions can be eliminated by using the equations of motion for
the homogeneous parts. Variation with respect to the two remaining metric
perturbations and δφ lead to three equations, two of which can be used to
eliminate the former in terms of the scalar field perturbation. One then has
2
the Friedmann equations with the back reaction part coming from the scalar
field and an equation of motion just for δφ. These equations can be obtained
directly from the reduced action (1) where, instead of δφ, we have introduced
v ≡ aδφ (with vk its Fourier mode, henceforth we shall omit the index i),
which is the gauge-invariant Mukhanov variable [8] in the uniform curvature
gauge and z ≡ φ′0/H where ′ ≡ d/dη with H the Hubble parameter. Let
us note that z′′/z can be expressed in terms of the scale factor and its time
derivatives.
The quantization of our system will lead to fluctuations about solutions
of the classical equations of motion. We now observe that in obtaining the
reduced action (1) we have at most kept terms to quadratic order in the
field and metric perturbations (vk). Therefore, since quantum fluctuations
around z′′/z ≡ −m2(η) occur already multiplied by small field perturbations
we shall just retain for it its classical homogeneous value.
In the next section we write down the Wheeler-De Witt (WDW) equation,
obtain the expression for the vacuum quantum state of the gauge-invariant
scalar fluctuations and derive the general equation to describe the quantum
gravitational lowest-order corrections to the spectrum of the cosmological
fluctuations. In Sec. III this equation is applied to the case of the de Sitter
expansion and we make some concluding remarks.
2 Wheeler-De Witt equation and the effect of
Quantum Gravity on the spectrum of fluctu-
ations
The canonical quantization of the Einstein equation associated with the ac-
tion (1) leads to the following WDW equation [9]
{
1
2MP
2
∂2
∂a2
− 1
2a2
∂2
∂φ20
+ V a4
+
∞∑
k 6=0
[
−1
2
∂2
∂v2k
+
ω2k
2
v2k
]
Ψ (a, φ0, {vk}) = 0
where ω2k ≡ k2 + m2(η). We can now perform a BO decomposition of the
WDW wave function Ψ into a gravitational part ψ(a) and a matter part
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χ (a, φ0, {vk}) [
1
2MP
2
∂2
∂a2
+ Hˆ
(M)
0 +
∑
k
Hˆ
(M)
k
]
ψ(a)χ (a, φ0, {vk})
≡
[
1
2MP
2
∂2
∂a2
+ Hˆ(M)
]
ψ(a)χ (a, φ0, {vk}) = 0. (2)
Let us observe that our canonical variables are a, φ0 and vk’s and the re-
sulting wave function of the universe is Ψ (a, φ0, {vk}) = 〈a, φ0, {vk}|Ψ〉. On
introducing a suitable basis χλ (a, φ0, {vk}) for the matter field one may al-
ways write Ψ (a, φ0, {vk}) = ∑λ χλ (a, φ0, {vk})ψλ(a). This can further be
written as
Ψ (a, φ0, {vk}) = ψ(a)
∑
λ
χλ (a, φ0, {vk}) cλ(a) ≡ ψ(a)χ (a, φ0, {vk}) , (3)
where ψ(a) will satisfy the gravitational WDW equation (see below) involv-
ing the averaged matter Hamiltonian [10].
The matter part can be further decomposed as χ = χ0 (a, φ0)
∏∞
k 6=0 χk (η, vk) ≡∏∞
k=0 χk. One then follows the same procedure as previously employed [4, 5, 6]
obtaining a first set of coupled equations: the gravitational WDW equation
is [
1
2MP
2
∂2
∂a2
+ 〈Hˆ(M)〉
]
ψ˜ = − 1
2MP
2 〈
∂2
∂a2
〉ψ˜ (4)
and the matter equation is
ψ˜∗ψ˜
[
Hˆ(M) − 〈Hˆ(M)〉
]
χ˜+
1
MP
2
(
ψ˜∗
∂
∂a
ψ˜
)
∂
∂a
χ˜
=
1
2MP
2 ψ˜
∗ψ˜
[
〈 ∂
2
∂a2
〉 − ∂
2
∂a2
]
χ˜ (5)
where
ψ = e−i
∫ a
Ada′ψ˜, χ = ei
∫ a
Ada′ χ˜, A = −i〈χ| ∂
∂a
|χ〉 (6)
with v0 = φ0, 〈Oˆ〉 = 〈χ˜|Oˆ|χ˜〉 and each mode is individually normalized
〈χk|χk〉 =
∫
dvkχ
∗
kχk = 1.
If one now multiplies both sides of Eq. (5) by χ¯i ≡ ∏j 6=i χ˜j and contracts
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over all vj (j 6= i) one finally projects out a single Fourier component
ψ˜∗ψ˜
[
Hˆ
(M)
k − 〈χ˜k|Hˆ(M)k |χ˜k〉
]
χ˜k +
1
MP
2
(
ψ˜∗
∂ψ˜
∂a
)
×∂χ˜k
∂a
=
1
2MP
2 ψ˜
∗ψ˜
[
〈χ˜k| ∂
2
∂a2
|χ˜k〉 − ∂
2
∂a2
]
χ˜k. (7)
We may now perform the semiclassical limit for the gravitational wave func-
tion ψ(a) by setting
ψ˜(a) ∼ (MP2a′)1/2 exp
(
−i
∫ a
MP
2a′da
)
(8)
and obtaining, for Eq. (4),
− MP
2
2
a′2 +
∑
k
〈Hˆ(M)k 〉 = 0 (9)
to the leading order. Eq. (9) is the Friedmann equation. In such a way the
BO decomposition of the wave function of the universe is uniquely deter-
mined. Now, on defining |χk〉s ≡ e−i
∫ η
〈χ˜k |Hˆ
(M)
k
|χ˜k〉dη
′ |χ˜k〉, Eq. (7) becomes
i∂η|χk〉s − Hˆ(M)k |χk〉s =
exp
[
i
∫ η〈χ˜k|Hˆ(M)k |χ˜k〉dη′]
2MP
2
×
[
∂2a −
a′′
(a′)2
∂a − 〈χ˜k|∂2a −
a′′
(a′)2
∂a|χ˜k〉
]
|χ˜k〉 ≡ ǫ
[
Ωˆk − 〈Ωˆk〉s
]
|χk〉s (10)
where 〈Oˆ〉s ≡ s〈χk|Oˆ|χk〉s and ǫ ≡ 12MP2 . In Eq. (10) we have retained all
terms in order to consistently include contributions to O
(
MP
−2
)
(different
expansions have been previously examined and compared for the homoge-
neous case [5]). The operator Ωˆk has the following form:
Ωˆk =
1
a′2
d2
dη2
+

2i〈Hˆ(M)k 〉s
a′2
− 2 a
′′
a′3

 d
dη
. (11)
The operator on the r.h.s. of Eq. (10) has a nonlinear structure since it
depends on χs and χ
∗
s through multiplicative factors of the form 〈Oˆ〉s. We
immediately note that in the absence of fluctuations (zero r.h.s.) Eq. (10)
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becomes the usual matter evolution equation (Schrödinger or Schwinger-
Tomonaga). The terms on the r.h.s. describe the non-adiabatic effects of
quantum gravitational origin.
For each k mode, on neglecting such quantum gravity effects, Eq. (10) takes
the form of a time dependent Schrödinger equation for a harmonic oscillator
with time dependent frequency
Hˆ
(M)
k =
πˆ2k
2
+
ω2k
2
vˆ2k. (12)
Its solutions can be generated by the linear invariant operator Iˆ which satis-
fies the equation
i
d
dη
Iˆ +
[
Iˆ , Hˆ
]
= 0 (13)
where the subscript k and the label (M) have been removed and will hence-
forth be omitted. The linear invariant can be written in terms of the Ermakov-
Pinney variable [11] ρ as
Iˆ =
eiΘ√
2
[(
1
ρ
− iρ′
)
vˆ + iρπˆ
]
(14)
with
ρ′′ + ω2ρ =
1
ρ3
(15)
andΘ =
∫ η dη′
ρ2
. The Bunch-Davies vacuum |vac〉 is annihilated by Iˆ (Iˆ|vac〉 =
0) and excited states are created by Iˆ† acting on the vacuum [4]. In the
coordinate representation the properly normalized vacuum is
〈v|vac〉 = 1
(πρ2)1/4
exp
[
i
2
∫ η dη′
ρ2
− v
2
2
(
1
ρ2
− iρ
′
ρ
)]
. (16)
Instead, when quantum gravitational effects are taken into account, one must
solve the integro-differential equation (10) which is an extremely difficult
task.
We are interested in the spectrum of the scalar fluctuations which can be
calculated from the two-point function
p(η) ≡ s〈0|vˆ2|0〉s = 〈vˆ2〉0 (17)
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and can be compared with observations. The vacuum |0〉s satisfies the full
equation (7) and should reduce to the BD vacuum in the short wavelength
regime. Instead of trying to solve (10) and then calculating the power spec-
trum, one can find the differential equation for the spectrum p by iteratively
differentiating the two-point function and using the commutation relations.
On taking |χk〉s = |0〉s in Eq. (10) (we are omitting the subscript k) one
obtains the evolution equation for the vacuum
0 = i
d
dη
|0〉s − Hˆ|0〉s −
[(
2i〈Hˆ〉0g (η) + g′ (η)
)
×
(
d
dη
− 〈 d
dη
〉0
)
+ g(η)
(
d2
dη2
− 〈 d
2
dη2
〉0
)]
|0〉s (18)
with 〈Oˆ〉0 ≡ s〈0|Oˆ|0〉s and g(η) = 12MP2a′2 . The evolution of the two-point
function can be now calculated by differentiating (17) w.r.t. η and using
(18). The first derivative of p w.r.t. the conformal time is
i
dp
dη
= 〈
[
vˆ2, Hˆ
]
〉0 − 〈vˆ2〉0F (η) +Gvˆ2(η) (19)
where
F (η) =
(
2ig〈Hˆ〉0 + g′
)
〈∂η〉0 + g〈∂2η〉0 − c.c. , (20)
Gvˆ2(η) =
(
2ig〈Hˆ〉0 + g′
)
〈vˆ2∂η〉0 + g〈vˆ2∂2η〉0 − c.c.. (21)
Let us note that g is a real function and F and Gvˆ2 are then purely imaginary
functions of η by construction. The subscript vˆ2 in (21) indicates that the
function G depends on η and on the operator vˆ2. The commutator in the
expression (19) is
[
vˆ2, Hˆ
]
= i {vˆ, πˆ}. In a more compact form Eq. (19) can
then be written as
d〈vˆ2〉0
dη
= 〈{vˆ, πˆ}〉0 − iR(vˆ2) (22)
where R contains the quantum gravitational effects and is defined as R(Oˆ) =
−〈Oˆ〉0F (η) + GOˆ(η). The above expression can be differentiated once more
w.r.t. η and takes the following form
d2〈vˆ2〉0
dη2
=
d〈{vˆ, πˆ}〉0
dη
− idR(vˆ
2)
dη
. (23)
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and, in analogy with (19)
d〈{vˆ, πˆ}〉0
dη
= −i〈
[
{vˆ, πˆ} , Hˆ
]
〉0 − iR ({vˆ, πˆ}) . (24)
The commutator in the expression above becomes
[
{vˆ, πˆ} , Hˆ
]
= 2i (πˆ2 − ω2vˆ2)
and (23) can be then rewritten as
d2〈vˆ2〉0
dη2
= 2
(
〈πˆ2〉0 − ω2〈vˆ2〉0
)
− iR ({vˆ, πˆ})− idR(vˆ
2)
dη
. (25)
On then calculating the derivative of Eq. (25) we finally obtain:
d3〈vˆ2〉0
dη3
=
d〈πˆ2〉0
dη
− 4ωω′〈vˆ2〉0 − 2ω2d〈vˆ
2〉0
dη
− idR ({vˆ, πˆ})
dη
− id
2R(vˆ2)
dη2
, (26)
where
d〈πˆ2〉0
dη
+ iR(πˆ2) = −i〈
[
πˆ2, Hˆ
]
〉0 = iω2〈
[
vˆ2, Hˆ
]
〉0 (27)
and
〈
[
vˆ2, Hˆ
]
〉0 = id〈vˆ
2〉0
dη
−R(vˆ2). (28)
Equation (26) finally becomes
0 =
d3〈vˆ2〉0
dη3
+ 4ω2
d〈vˆ2〉0
dη
+ 2
(
ω2
)′ 〈vˆ2〉0 + 2iR(πˆ2)
+ 2iω2R(vˆ2) + i
dR ({vˆ, πˆ})
dη
+ i
d2R(vˆ2)
dη2
. (29)
The solution of the homogeneous equation is ρ2/2 where ρ is the Ermakov-
Pinney variable [11]. The remaining terms describe the quantum gravita-
tional effects on the evolution of the power spectrum. Let us note that for a
Hermitian operator Oˆ, R(Oˆ) is a purely imaginary function of η. Therefore
the quantum gravitational contributions in (29) are real.
Again solving the integro-differential equation (29) exactly is complicated
but its very structure is suitable for a perturbative approach, at least to first
order in 1/MP
2. Given the precision of the present status of cosmological
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observations, the first order solution is sufficient in order to seek quantum
gravity effects by comparison with the data. The perturbed solution of (29)
can be obtained by estimating all the terms which contain R(Oˆ) perturba-
tively by using the vacuum state of the unperturbed evolution (16). This is
sufficient to obtain the quantum gravitational corrections to order 1/MP
2.
For a general background the effects of quantum gravity can then be written
in terms of ρ2, namely the solution of the homogeneous equation, or equiv-
alently in terms of p itself which coincides with ρ2/2 to order 1/MP
2. Then
Eq. (29) has the following form:
d3p
dη3
+ 4ω2
dp
dη
+ 2
dω2
dη
p− 1
MP
2
d3
dη3
(p′2 + 4ω2p2 − 1)
4a′2
+
1
MP
2
d2
dη2
p′ (p′2 + 4ω2p2 + 1)
4pa′2
+
1
MP
2
d
dη
{
1
8a′2p2
[(
1− 4ω2p2
)2
+2p′2
(
1 + 4ω2p2
)
+ p′4
]}
− 1
MP
2
ωω′ (p′2 + 4ω2p2 − 1)
a′2
= 0 (30)
The explicit form of this equation represents the main result of this letter.
Such an equation may be used in the following way: i) one first chooses
a classical background evolution obtaining a particular form for ω and g;
ii) one then solves the unperturbed Eq. (30) (i.e. the equation without
the terms proportional to 1/M2P ), choosing the integration constants so as
to have p = 1/2k in the short wavelength limit. One then substitutes the
chosen solution of the homogeneous equation into the terms proportional to
1/M2P and finally solves the resulting inhomogeneous equation for p.
3 Application to de Sitter and Conclusions
In viable single field inflationary models one has an evolution of cosmolog-
ical perturbations based on the slow-roll paradigm. One then has a quasi
de Sitter expansion, small slow-roll parameters, a nearly flat spectrum and a
finite amplitude of scalar fluctuations. For such a case, in order to illustrate
the main effects of quantum gravity on the spectrum it will be sufficient to
neglect slow-roll parameters, that is just consider a pure de Sitter expansion.
When H = const, one has ω =
√
k2 − 2
η2
. The solution of Eq. (15) compat-
ible with the short wavelength flat spacetime limit is ρDS =
√
1
k
+ 1
k3η2
then
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Eq. (30) takes the very simple form:
d3p
dη3
+ 4
(
k2 − 2
η2
)
dp
dη
+
8
η3
p +
4H2
MP
2k4η3
= 0. (31)
The full solution for p is
p =
1
2k4η2
{
c+
(
1 + k2η2
)
+ cos (2kη)
[
2c0kη − c−
(
k2η2 − 1
)]
+ sin (2kη)
[
c0
(
k2η2 − 1
)
+ 2c−kη
]
− H
2
MP
2 η
2
}
(32)
To reproduce the solution ρDS in the absence of the quantum gravitational
effects one must choose c− = c0 = 0 and c+ = k to obtain:
Pv = k
3
2π2
p =
a2H2
4π2
(
1 +
k2
a2H2
− 1
a2kMP
2
)
. (33)
In the long wavelength limit (−kη → 0) the solution (33) leads to the final
result for the spectrum
Pv −kη→0= a
2H2
4π2
(
1− 1
a2MP
2k
)
. (34)
We observe that, with such a choice of initial conditions, the quantum gravi-
tational correction leads to a running of the spectral index and less power for
large scales. This would be in qualitative agreement with Planck results [2].
However the quantum gravitational correction in (33) must be small for the
perturbative approach to be valid. Further it should dominate over the term
k2
a2H2
in order for (34) to be valid (long wavelength limit). The latter require-
ments set the following constraints on such a correction and consequently on
k:
k2
a2H2
≪ 1
a2MP
2k
≪ 1⇒ 1
a2MP
2 ≪ k ≪
(
H2
MP
2
)1/3
(35)
Let us now note that the time dependence in Eq. (33) occurs only in the scale
factor a and such a time dependence is exactly the same in two of the 3 terms
in the bracket. The second term describes the short wavelength limit of the
spectrum in the absence of fluctuations, associated with the Bunch-Davies
(BD) vacuum, and the third term corresponds to the quantum gravitational
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correction obtained from the non adiabatic effects. At some time during the
primordial expansion such terms dominate over the constant term. For modes
with k ≫
(
H2
MP
2
)1/3
the BD contribution becomes the leading one for a(η)
small enough but for the modes with k ≪
(
H2
MP
2
)1/3
(which correspond to the
quantum gravitational deviations from the pure de Sitter power spectrum)
the BD term is negligible w.r.t. the quantum gravitational term for a(η)
small. This is in contradiction of our perturbative evaluation of the quantum
gravitational correction wherein we have assumed that a BD vacuum is the
dominant contribution even in the presence of large quantum gravitational
effects for very early times. It may well be that such a BD requirement is
only valid for not so early times in which case our expression (34) may be
valid.
On the other hand one can impose the the BD limit be respected for all
modes k. This can be done by choosing the integration constants in (32) to
be c− = c0 = 0 and c+ = k +
(
H2/MP
2
)
c(k) which is compatible with Eq.
(31) up to correction of the order H4/MP
4 (which we have always omitted).
We then obtain:
P˜v = a
2H2
4π2
(
1 +
k2
a2H2
− 1
a2kMP
2 +
c(k)
k
H2
MP
2 +
c(k)k2
a2kMP
2
)
. (36)
On setting c(k) = 1/k2 one can eliminate the quantum gravitational term
which has the same time dependence as the BD vacuum contribution and
leads to the difficulties described above for small k and a(η) → 0. Now Eq.
(36) becomes
P˜v = a
2H2
4π2
(
1 +
k2
a2H2
+
1
k3
H2
MP
2
)
−kη→0
=
a2H2
4π2
(
1 +
1
k3
H2
MP
2
)
. (37)
The spectrum (37) is qualitatively different from that in Eq. (34). The
quantum gravitational correction now scales as k−3 and leads to an increase
of power for large scales. This may be a general result and has been found
in other approaches (see [6],[12],[13]).
To summarize, we obtained a general equation, describing the lowest or-
der corrections to the spectrum of the cosmological scalar fluctuations coming
from quantum gravitational effects and then estimated these corrections ex-
plicitly for the case of a de Sitter evolution. The influence of the quantum
gravitational effects on the spectrum of fluctuations was considered recently
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in papers [12, 13]. The difference between the approach used in these papers
and our approach is actually discussed in the Appendix of paper [13]. The
crucial point is that we follow a decomposition of the total wave function
in a purely gravitational and a matter part as is done in traditional BO ap-
proaches and retain the r.h.s. of the resulting equations. This corresponds to
including the fluctuations due to non-adiabaticity associated with quantum
gravitational effects. Further we note that our use of the gauge-invariant
variables is necessary to study in a self-consistent way both the scalar per-
turbations of the metric and the scalar field fluctuations. In our approach, as
previously pointed out [5], the unitarity problem never arises. The detailed
explanation of our method and its application to other backgrounds will be
presented elsewhere [14].
Acknowledgments
A.K. was partially supported by the RFBR grant 11-02-00643. We wish to
thank G. Esposito, C. Kiefer, M. Peloso, F. Pessina and G.P. Vacca for useful
comments and suggestions.
References
[1] A. A. Starobinsky, Lect. Notes Phys. 246, 107 (1986); A. D. Linde, Par-
ticle Physics and Inflationary Cosmology, Harwood Chur, Switzerland,
1990.
[2] P. A. R. Ade et al. [Planck Collaboration], arXiv:1303.5082 [astro-
ph.CO].
[3] M. Born and J.R. Oppenheimer, Ann. Physik 84, 457 (1927); C. A.
Mead and D. G. Truhlar, J. Chem. Phys. 70, 2284 (1979); C. A. Mead,
Chem. Phys 49, 23 (1980) C. A. Mead, Chem. Phys 49, 33 (1980)
[4] R. Brout and G. Venturi, Phys. Rev. D 39, 2436 (1989); F. Finelli, G.P.
Vacca and G. Venturi, Phys. Rev. D 58, 103514 (1998).
[5] C. Bertoni, F. Finelli and G. Venturi, Class. Quant. Grav. 13, 2375
(1996);
12
[6] G. Venturi, Class. Quantum Grav. 7, 1075 (1990); G. L. Alberghi,
R. Casadio, A. Tronconi, Phys. Rev. D 74 (2006) 103501; G. L. Al-
berghi, C. Appignani, R. Casadio, F. Sbisa, A. Tronconi, Phys. Rev. D
77 (2008) 044002.
[7] V.F. Mukhanov, Sov. Phys. JETP 68, 1297 (1988); J. M. Malda-
cena, JHEP 0305 (2003) 013; V. F. Mukhanov, H. A. Feldman and
R. H. Brandenberger, Phys. Rept. 215 (1992) 203.
[8] V.F. Mukhanov, Phys. Lett. B 218, 17 (1989).
[9] B.S. DeWitt, Phys. Rev. 160, 113 (1967).
[10] A. Tronconi, G. P. Vacca and G. Venturi, Phys. Rev. D 67, 063517
(2003).
[11] V.P. Ermakov, Univ. Izv. Kiev, series III 9, 1 (1880); E. Pinney, Proc.
Amer. Math. Soc. 1, 681 (1950); H.R. Lewis and W.B. Riesenfeld, J.
Math. Phys. 10, 1458 (1969); R. Goodall and P. G. Leach, J. Nonlin.
Math. Phys, 12, 15 (2005)
[12] C. Kiefer and M. Krämer, Phys. Rev. Lett. 108, 021301 (2012).
[13] D. Bini, G. Esposito, C. Kiefer, M. Kraemer and F. Pessina, Phys. Rev.
D 87 (2013) 104008 [arXiv:1303.0531 [gr-qc]].
[14] A.Y. Kamenshchik, A. Tronconi, G. Venturi, work in progress.
13
